If L 1 and L 2 are two Brunnian links with all pairwise linking numbers 0, then we show that L 1 and L 2 are equivalent if and only if they have homeomorphic complements. In particular, this holds for all Brunnian links with at least three components. If L 1 is a Brunnian link with all pairwise linking numbers 0, and the complement of L 2 is homeomorphic to the complement of L 1 , then we show that L 2 may be obtained from L 1 by a sequence of twists around unknotted components. Our results give a straightforward way of reducing the problem of recognizing a trivial link to the problems of recognizing and straightening out a trivial knot.
If L 1 and L 2 are two Brunnian links with all pairwise linking numbers 0, then we show that L 1 and L 2 are equivalent if and only if they have homeomorphic complements. In particular, this holds for all Brunnian links with at least three components. If L 1 is a Brunnian link with all pairwise linking numbers 0, and the complement of L 2 is homeomorphic to the complement of L 1 , then we show that L 2 may be obtained from L 1 by a sequence of twists around unknotted components. Our results give a straightforward way of reducing the problem of recognizing a trivial link to the problems of recognizing and straightening out a trivial knot.
All spaces and maps will be taken to be piecewise-linear or smooth. A link L is a one-dimensional submanifold of S 3 with a finite number of connected components. For convenience, we will assume an arbitrary orientation on a link L, and an arbitrary ordering of its components. Two links L 1 and L 2 are equivalent if there exists a homeomorphism of pairs from (S 3 , L 1 ) to (S 3 , L 2 ). Such a homeomorphism is required to preserve the orientation on S 3 , but not required to preserve the orientation on the L i . If two links L 1 and L 2 are equivalent, then their complements S 3 − L 1 and S 3 − L 2 are homeomorphic. A basic question is when the converse of this statement holds. For knots (links with a single component), this problem was solved by Gordon and Luecke, who showed that two knots are equivalent if and only if they have homeomorphic complements ([GL89] ). For links with more than one component, there are many examples where this result fails. An simple way to construct such examples is to take any link L 1 with an unknotted component K, cut along the disk bounded by K (which usually intersects some of the other components of L), twist one or more times, and reglue. The resulting link L 2 will have a complement homeomorphic to that of L 1 , and for many easy examples, L 2 can be shown to be inequivalent to L 1 . One might ask whether there are links L with more than one component which are uniquely determined by their complements. One might also ask whether there are restricted subfamilies of links which are uniquely determined by their complements within the subfamily. In this paper we are interested in the second question.
Let K 1 and K 2 be two components of a link L. There is a well-defined linking number which indicates the homology class of K 1 in S 3 − K 2 . A link L is homologically trivial if this linking number is 0 for any pair of components of L (a property that does not depend on the orientations of K 1 and K 2 ). A link is trivial if the components bound pairwise disjoint disks. An n-component link is Brunnian if every (n − 1)-component sublink is trivial. We consider an empty link to be trivial, and therefore we consider a knot to be a 1-component Brunnian link. A component of a link is unknotted if it bounds a disk in S 3 , which may intersect the other components of the link. We define an HTB link to be a link that is both homologically trivial and Brunnian. Note that the class of HTB links includes all Brunnian links with more than two components. Our main result is Theorem 3 below, which states that two HTB links with homeomorphic complements are equivalent.
Let L be a link, and let X be S 3 with a tubular neighborhood η(L) of L removed. The boundary components of X are two-dimensional tori, each torus associated to some component of L. Each torus separates S 3 into an inside (containing the associated component of L) and an outside. Each torus has a unique isotopy class of simple closed curve which is homologically trivial inside of the torus, called the meridian. Likewise, each torus has a unique isotopy class of simple closed curve called the longitude which is homologically trivial outside the torus. The meridian and the longitude form a basis for H 1 of the torus.
The isotopy class of any unoriented simple closed curve on the torus is determined by a slope r = p/q ∈ Q ∪ {1/0}, where p indicates how many times the curve wraps around in the meridian direction and q indicates how many times it wraps around in the longitude direction. (Note that the specific orientations of the longitude and meridian are not important, but for r to be well-defined they must together be oriented compatibly with the orientation of S 3 .) Using the slope r, we may perform Dehn surgery on a component K of a link, which consists of cutting out a solid torus neighborhood of K and regluing it so that the curve of slope r now bounds a disk. If the slope is 1/0, then the result is the same as deleting K from L. If K is unknotted and the slope is 1/q, then the result of Dehn surgery is the same as cutting the link along the disk bounded by K, twisting q times, regluing, and deleting K. In particular, the result of 1/q surgery on an unknotted component of L is another link in S 3 . If L is a link with n components, then we will often write L with an n-tuple after it. A slope p/q in the ith position will indicate that p/q surgery has been performed on the ith component, and a * will indicate that no surgery has been performed. So, for example, L = L( * , * , · · · * ), and L with the first component deleted is L(1/0, * , * , · · · * ).
As in [GL89] , we will approach the proof of our main result by considering those Dehn surgeries on an HTB link L which produce S 3 . We start with the following theorem: Theorem 1. If L is a link with n components and if L(1/q 1 , 1/q 2 , . . . 1/q n ) ∼ = S 3 for every n-tuple of integers (q 1 , q 2 , . . . q n ), then L is the trivial link with n components.
Proof. We proceed by induction on n, the number of components of L. If L has only one component, then L is a knot in S 3 . It is proved in [GL89] that for q = 0, L(1/q) ∼ = S 3 if and only if the knot L is trivial. Now, assuming the theorem is true for all links of n−1 or fewer components, we will show the result holds for any link with n ≥ 2 components.
n . First, we show that each component K i of L must be unknotted. It suffices to show that K 1 is unknotted, since the ordering of the components is arbitrary. Consider the link L ′ = L( * , . . . , * , 1/0). The surgery L ′ (1/q 1 , . . . , 1/q n−1 ) = L(1/q 1 , . . . , 1/q n−1 , 1/0), and L(1/q 1 , . . . , 1/q n−1 , 1/0) ∼ = S 3 by assumption. Therefore, by the inductive hypothesis, L ′ = j =n K j is the trivial link. In particular, K 1 is unknotted. Next, we show that each pair of distinct components
which is homeomorphic to S 3 by our assumption. See, for example, [Rol76] as a reference for this modification of surgery instructions. However,
is reducible, then there is some S 2 ⊂ X which does not bound a ball. Since any S 2 ⊂ S 3 separates and bounds a ball on each side, the sphere in X must split L into two nonempty sublinks L 1 and L 2 . The inductive hypothesis implies that each of these sublinks is an unlink. Furthermore, they are separated by a sphere, so their union L is also an unlink.
It remains to consider the case that X is irreducible. We will show that this is not possible. According to Theorem IX.12 in [Jac80] , there exists a unique, maximal, perfectly embedded Seifert pair (Σ, Φ) in (X, ∂X) since X is a Haken manifold with incompressible boundary. This submanifold Σ is known as the characteristic submanifold for X. We explore the following three cases:
Case (i): Σ = ∅. In this case, L is a hyperbolic link, and all but finitely many surgeries on L produce a hyperbolic three-manifold according to theorems of Thurston ([Thu79] and [Thu82] ). This contradicts our assumption that infinitely many surgeries on L produce S 3 , so this case does not arise.
Case (ii): Σ = X. This means that X is either Seifert fibered or X is an I-bundle S × I for some surface S with S × ∂I = ∂X. Since ∂X consists of tori, the only possible I-bundle homeomorphic to X is (torus) × I. But (torus) × I is also a Seifert fiber space. Burde and Murasugi produced a complete list in [BM70] of all links in S L has at least 2 components and have shown that every pair of components of L are algebraically unlinked, this case also does not arise.
Case (iii): Σ is a proper subset of X. Then the frontier of Σ in X is a union of incompressible tori in X which are not boundary parallel. Each of these tori must be separating, since every torus in S 3 separates. Let T be some incompressible torus in this collection. Let the two components of S 3 cut open along T be denoted by V 1 and V 2 . Let X i = V i ∩ X. By interchanging V 1 and V 2 if necessary, we may assume that V 1 contains the component K 1 of L. The link L 1 = L(1/q 1 , * , * , . . . , * ) is an n − 1 component link in S 3 which must be the unlink by the inductive hypothesis. Since there are no incompressible tori in the complement of any unlink, T must be compressible in S 3 − η(L 1 ). As the surgery was performed in the X 1 side of T , T must compress in X 1 after the 1/q 1 surgery on K 1 . In particular, T compresses in X 1 after 1/0 surgery is performed on K 1 and after 1/2 surgery is performed on K 1 . The minimal geometric intersection number of these two slopes is 2. According to Theorem 2.4.4 of [CGLS87] (generalized by Wu in [Wu92]) X 1 must either be a cable space (a solid torus with a regular neighborhood of a (p, q) cable of the core curve of the torus removed) or be homeomorphic to T × I. The second alternative is not possible because T is not boundary parallel in X. Therefore X 1 is a cable space, meaning that V 1 is a solid torus containing K 1 as a cable knot of the core curve of V 1 . Since L 1 is an unknot, the solid torus V 1 must be unknotted. This implies that the complementary side V 2 of T in S 3 is also a solid torus. As T is incompressible, there must be a component K 2 of L inside V 2 as well. Repeating the argument above shows that X 2 is also a cable space and that K 2 is a cable knot of the core curve of V 2 . But then K 1 and K 2 have nontrivial linking number. This is a contradiction, so this case cannot arise.
Theorem 2. Let L be an HTB link. Suppose there exist slopes r i = p i /q i , such that q i = 0 for all i, and such that L(r 1 , r 2 , . . . r n ) = S 3 . Then L is trivial.
Proof. When L has one component, then this is the well-known result of Gordon and Luecke. Suppose L has n > 1 components. Because L is homologically trivial, its ith meridian has order |p i | in H 1 (L(r 1 , r 2 , . . . r n )) = H 1 (S 3 ). Thus |p i | = 1 for all i. The nth component of L is unknotted because L is Brunnian, and so L( * , * · · · * , 1/q n ) is a link in S 3 . The linking number of the ith and jth components of L( * , * · · · * , 1/q n ) is l ij + q n l in l jn , where l ij , l in , and l jn are the linking numbers in L. (This holds for any link in which q n twists are made about an unknotted nth component.) Thus L( * , * · · · * , 1/q n ) is homologically trivial.
Deleting the first component of L( * , · · · * , 1/q n ) yields the link L(1/0, * , . . . , * , 1/q n ), and since this link may also be obtained by deleting the first component of L and then performing Dehn surgery on the last component of the result, it is trivial. The same holds for the ith component, i < n, and so L( * , · · · * , 1/q n ) is Brunnian. Thus, by induction, L( * , · · · * , 1/q n ) is trivial, and therefore L(1/x 1 , 1/x 2 , . . . 1/x n−1 , 1/q n ) = S 3 for all integers x 1 , x 2 , . . . x n−1 . Gordon and Luecke's result ( [GL89] ) then implies that L(1/x 1 , 1/x 2 , . . . 1/x n−1 , * ) is a trivial knot for all integers x 1 , x 2 , . . . x n−1 , and therefore
If the ith component of a link L is unknotted, then L( * , * , . . . 1/q i , * , · · · * ) is the link obtained by twisting q i times around that component and then discarding it. If L is a nontrivial HTB link, then L( * , * , . . . 1/q i , * , · · · * ) cannot be a trivial link (unless q i = 0 ) because then L (1, 1, . . . 1/q i , 1, . . . 1) would be S 3 , contradicting Theorem 2. This generalizes one result of Mathieu [Mat92] , who showed that for a two-component HTB link, twisting around one component always ties a nontrivial knot in the other component. (More generally, he determines exactly when twisting around an unknotted disk in the complement of an unknot can produce a nontrivial knot.) Mathieu's result together with that of Gordon and Luecke implies Theorem 2 for two-component links.
We can now prove our main result.
Theorem 3. Let L 1 and L 2 be HTB links. Then L 1 is equivalent to L 2 if and only if
Since L 1 and L 2 are homologically trivial, the longitudes of the components of each link are null-homologous in the link complements. These are the only isotopy classes of essential simple closed curves on each boundary component of S 3 − η(L 1 ) and S 3 − η(L 2 ) that are null-homologous. Since h induces isomorphisms on the homology groups, h maps longitudes to longitudes. The map induced by h on the homology of the torus boundaries of the complement of tubular neighborhoods of the L i must be invertible, and therefore the ith meridian of L 1 must map to a slope 1/q i of the ith component of L 2 .
If every meridian of L 1 is taken to a meridian of L 2 , then it is clear from the definition of Dehn surgery that we can extend h to a homoemorphismĥ : (S 3 , L 1 ) → (S 3 , L 2 ). That is, the two links are equivalent. Assume without loss of generality that the first meridian of L 1 is taken to some slope 1/q = 1/0 of the first component of L 2 . Then we can extend h to a homeomorphism from L 1 (1/0, * , * ... * ) to L 2 (1/q, * , * ... * ). The former is trivial because the link L 1 is Brunnian. Thus, the latter is also trivial since it is a link in S 3 and the trivial link is determined by its complement. Therefore, L 2 (1/q, 1, 1, ...1) ∼ = S 3 so L 2 must be the trivial link by Theorem 2. As above, the homeomorphism h implies that L 1 is also the trivial link, proving that L 1 and L 2 are equivalent.
As mentioned at the beginning of the paper, one way to construct inequivalent links L 1 and L 2 with homeomorphic complements is to twist one or more times around an unknotted component K of L 1 (without discarding K) to produce L 2 . (See Figure 1. ) More generally, a succession of such twisting operations may be performed, as long as there remains an unknotted component to twist around. It follows from Theorem 3 that if L 1 is an HTB link, then L 2 is never Brunnian and is therefore never equivalent to L 1 . Moreover, if L 1 is an HTB link, then every L 2 with a homeomorphic complement is obtained this way: Proof.
Since L 1 is homologically trivial, the image of each longitude under h must be an essential simple closed curve on the boundary of S 3 − η(L 2 ) that is null-homologous in the link complement. Therefore L 2 is also homologically trivial, and h maps longitudes to longitudes.
As in the proof of Theorem 3, the ith meridian of L 1 must map to a slope 1/q i of the ith component of L 2 . Moreover, the ith meridian of L 2 must then map under h −1 to the slope −1/q i of L 1 . This implies that L 2 is determined by L 1 and the slopes q i , for if there is a homeomorphism
takes the meridians of L 2 to the meridians of L ′ 2 , so L 2 and L ′ 2 are equivalent. Thus the links with complements homeomorphic to that of L 1 are parameterized by n-tuples of slopes (1/q 1 , 1/q 2 , . . . 1/q n ). It is not possible for q i = 0 for all i, for then L 2 would be a link in some other three-manifold than S 3 by Theorem 2. Assume then that q 1 = 0. Since L 1 is Brunnian, it has a diagram where components 2, 3, . . . n are n − 1 disjoint planar circles. Using this diagram, it is clear that we may perform q i twists on the ith component for all 1 < i ≤ n, and so in this way, we may realize any link L 2 whose complement is homeomorphic to S 3 − L 1 .
We now consider some ways to reduce the problem of deciding if a given link is trivial to some other decision problems. First of all, recognizing the trivial link may be reduced to recognizing S 3 itself, provided that our method of representing links and three-manifolds allows Dehn surgery to be done algorithmically. Algorithms to recognize S 3 were produced by Rubinstein in [Rub95] and Thompson in [Tho94] .
Corollary 5. A link L in S 3 with n components is trivial if and only if it is homologically trivial and L(1/e 1 , 1/e 2 , . . . 1/e n ) = S 3 for each (e 1 , e 2 , . . . e n ) ∈ {0, 1} n .
Similarly, the problem of recognizing a trivial link in S 3 may also be reduced to the problem of deciding whether a knot in a homology three-sphere is trivial:
Corollary 6. A link L in S 3 with n components is trivial if and only if it is homologically trivial and L(1/e 1 , 1/e 2 , . . . , 1/e i−1 , * , 1/e i , . . . 1/e n−1 ) is a trivial knot in S 3 for each 1 ≤ i ≤ n and for (e 1 , e 2 , . . . e n−1 ) ∈ {0, 1} n−1 .
If we take a recursive approach, we can reduce the problem of recognizing a trivial link to the problems of recognizing and straightening out trivial knots in S 3 . Suppose we have Algorithm A which tells whether or not a standard knot diagram represents a trivial knot, and Algorithm B which takes a diagram of a trivial knot and transforms it into a trivial diagram (one with no crossings) using Reidemeister moves. Then we may use the next corollary to give an algorithm for recognizing a trivial link in S 3 . Given a diagram D for a link L, the first step is to calculate the pairwise linking numbers of L. This is simply a matter of counting up positive and negative crossings in D. If any linking number is nonzero, then L is not trivial. If all the pairwise linking numbers are zero, then pick a component K of L and check whether it is trivial using Algorithm A. If K is not trivial, then L is not trivial. If K is trivial, use Algorithm B to straighten it out. We may then apply the Reidemeister moves from Algorithm B to the diagram D, possibly with some extra moves to move the other components of L out of the way locally, in order to obtain a diagram D ′ of L in which K has no self-crossings. A twist around the disk bounded by K may then be accomplished using the diagram D ′ . We now need to check the triviality of n + 1 (n − 1)-component-links namely the sublinks obtained by deleting 1 component from L and the link L(1/1, * , * , · · · * ). The algorithm then proceeds recursively.
While conceptually simple, Algorithm 8 is unlikely to be very efficient in practice. Each time a twist is made around an unknotted component, the number of crossings is likely to go up considerably, and unless Algorithms A and B are capable of handling these large crossing numbers quickly, the total required time to process even a fairly small link will probably be prohibitively large.
